ChE-402: Diffusion and Mass Transfer

Lecture 6



Intended Learning Outcome

® [0 analyze diffusion of gas molecules in porous (hanoporous) materials.

® [0 analyze diffusion of ions under applied electric field.

® [0 analyze the effect of ion charge on diffusion.

=Pi-L



Diffusion In nanoporous materials
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Gas diffusion in nanoporous materials
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Adapted from
J. Karger, D. M. Ruthven, D. N. Theodorou, Diffusion in Nanoporous Materials
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Viscous diffusion

Viscous flow in cylindrical tubes

(when there is a pressure difference between the two ends) L.
O Oe¢ Oe (o ® o

o
QOQOOC

0
V77777777
Hagen-Poiseuille equation:
d*AP, d*AP, <d2c1RT> Ac,
Vl = Nl = Clvl = Cl -
32n,1 32,1 321, [
If we have no convection, and only diffusion
Ac d*c,RT d?
Ny = Ji =Dyy—— =D, = = P
l 327’]1 327’]1

Viscous diffusion increases at higher P

Note: This is an approximate treatment; viscous flow is bulk flow (convection can be important)
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Knudsen diffusion

Occurs when mean free path, |, is larger than d (pore diameter) %//;//////;//é I
d
/ /

Knudsen number = Kn = E > 1

® For liquids, mean free path is of the order of angstroms, therefore Knudsen transport is not important.

® For gases, mean free path ~ 10-200 nm

Diffusion coefficient derived from the kinetic theory of gases but by replacing / by d

1 _ I _ 2
D=—vl =  D¢=—vd R v o _ [ 3kTd
3 3 Tm K 9

Unlike in viscous flow, the Knudsen diffusion is independent of pressure
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Molecular diffusion

Becomes important when more than 1 species is diffusing through the pore

When the pore is larger than mean free path, the effect of molecular-wall collision becomes
negligible and molecular diffusion becomes important

Ho_ 1.86 % 1072 * T1> % (1/M, + 1/M,)"?
AB Po?,Q




Combination of viscous, Knudsen and molecular
diffusion
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J. Karger, D. M. Ruthven, D. N. Theodorou, Diffusion in Nanoporous Materials




Overall diffusion In pores

Diffusivity = 1/Resistance

Molecular  Knudsen

— A\ ANAN— — = — + —

N\
Viscous Molecular + Knudsen Viscous
Dtatal — Dvis + D
Small pores Big pore

=Pi-L

J. Karger, D. M. Ruthven, D. N. Theodorou, Diffusion in Nanoporous Materials




Relative importance of viscous, Knuo

sen and

Mmolecular diffusion in gaseous diffusion

1 1 1
B:D_K_I—D—AB DtotalzDviS + D
A
D AB r Dy D Dis Diotal D.is
p (atm) (cm2 s“) (cm) (cm2 s“) (cm2 s_1)a) (cm2 5_1) (cm2 s“) Diotal
Molecular
10°° 0.03 0.0007
1.0 0.2 107> 0.3 0.07
10°* 3.0 7.0
1.86 % 1073 * T15% (1/M, + 1/M,)°3 8k, Td> d?
D,p= P20 K = Dy, = 1
gy Orm 32m,

J. Karger, D. M. Ruthven, D. N. Theodorou, Diffusion in Nanoporous Materials
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Diffusion for strong electrolytes in solution

Table 6.1-1 Diffusion coefficients of ions in water at 25 °C

Cation D Anion D

H" 9.31 OH 5.28
Li* 1.03 F 1.47
Na" 1.33 Cl 2.03
K" 1.96 Br- 2.08
Rb" 2.07 I 2.05
Cs' 2.06 NO; 1.90
Ag" 1.65 CH;COO™ 1.09
NH; 1.96 CH;CH,COO™ 0.95
N(C4Hy), 0.52 B(CgHs), 0.53
Ca’* 0.79 SO2~ 1.06
Mg " 0.71 CO;~ 0.92
La’" 0.62 Fe(CN),~ 0.98

Note: Values at infinite dilution in 10> cm?/sec. Calculated from data of Robinson and Stokes

(1960).
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Special case for diffusion of protons

Grotthus mechanism
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Coupled diffusion of ions in dilute solution

10n B 10n chemical n electrical
velocity /  \ mobility forces forces

©
v, = —u(Vy, + zFVy) ©
S
®e o
O 816
u, = representation of 1on mobility = = 1 © @ o
6znr f @
. ®
z; = charge on 1on ©

F = Faraday constant = eN,

Vy = electrostatic potential gradient
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Coupled diffusion of ions in dilute solution

v, = —u(Vy; + zFVy)

RT
:>Vi = — U; _VCl- + Zl‘FVW

C;

FVy
RT

N; = ¢,
In the absence of convective flux
FVy (dilute solution)
7T uiRT<VCi A RT > Ji = N = ¢,
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Coupled diffusion of ions in dilute solution

FVy
= Ji — _MZRT VCi + ZiCi
RT

1
u; = 1on mobility = =
TN
RT RT RT D
u: = = — =
FV ' 6xnr f
=> J, = —Dl-(Vcl- + z,c; RTW> i

Nernst-Plank Equation
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Quiz

Can the flux of an ion decrease if one increases the electric field ?

No, flux will always increase.

Flux is not a function of electric field.

Can decrease in some cases.

Flux will always decrease when electric field is increased.

OOwr
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Quiz

NaCl (ionized form Na+, Cl-) is diffusing in a liquid under applied chemical potential gradient

(concentration difference) and electric field. You decided to remove electric field (voltage). Will the
measured current become zero ?

Yes, current will be zero as there is no electric field.
Current may not be zero

Current does not depend on electric field.

None of the above.

O Ow P
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Case of strong 1:1 electrolyte (for example NaCl)

Although the concentrations of ions may vary through the solutions, the concentrations and
the concentration gradients of anions and cations are equal everywhere because of

electroneutrality.

Species 1: cation Species 2: anion
Cl — C2
VCl — VCZ
FVy
J, = —Di<Vci + Zic; RT >
Jy#J,
; z =1 for Na+, and -1 for ClI-
When a current density i is maintained, J, — J, = — i is positive when it flows
|z from positive to negative electrode

Applying Nernst-Plank equation for cations and anions

J—DV+||1;W J, ==D,(V ||1””
: : : V' RT . : . > RT

=Pi-L
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Case of strong 1:1 electrolyte (for example NaCl)

j FVy FVy
Ji — Jp = I Ji =—D1<VC1 + lzl¢ RT ) % =_DZ<VC2 - lzle RT )
> —— = (D,V¢, = Dy Vey) — (Dicy |+ Do)z
7| RT

t is not zero when the electrostatic potential is zero

We can now try to remove the electrostatic potential in the flux equation

i
| lFVl// =~ (Ve — DiVey) Electrostatic potential is not
Z = — .
RT (Dyc; + Dycy) zero when i=0
ﬁ — (D,Vey, — DV
= ]1 =_D1<VC1 — Cl >
(Dic; + Dyoy)
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Case of strong 1:1 electrolyte (for example NaCl)

|Ti| — (D,Ve¢, — D,;V¢)
]1 =_D1<VC1 - Cl )

(Dic; + Dyoy)
; n <VC1(D¢'1 + D2C2) — CllTll + CI(D2VC2 — DXC1)> Cp = &
= J1 = - U
(Dic; + Dyc)) Ve, = Ve,
D2V6'1 - lTll + D2VCl
1+ D,
2D, D, D, i
= ]1 = — Cq +
D1+D2 D1+D2 |Z|
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Case of strong 1:1 electrolyte (for example NaCl)

2D, D, D, i
Jl —_ = VCI +
Dl +D2 Dl +D2 |Z|
Limit1:1i=0
2D, D,
Ji == €
D+ D,

2
Jl = — VCl
1/D, + 1/D,
Jl — _Deff VCl

Slow moving species will dominate transport

AISO, Jl — J2

D, + D,

D,

J2 =
D+ D,

Ve, +

|z

Limit 2: solution is well mixed

D, [ l

Ji = = 9T
D+ D,] |z| | ]

D, —1 —1

Jy = — bY/
D+ D,] |z| |z

t. 1s called transference number

Fast moving ion will mainly carry current

I, # U,
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Case of strong non 1:1 electrolyte (for example
CaCly)

ct = 1M, CaCl.
3161 = — 06 lecl = - szcz
cit=1M Ca*2 c2=2M CI

We can apply the Nernst-Planck equation, and equate flux to current to find new equation

FV —
RT
D.D.(z%c, + z°¢ D z.c
:le_[ 1Dy (z1¢ 22)]Vc+ 1€1¢1 ]i
(Dyzfc, + Dyz3c)) (Dyzfc, + Dyz3c))
Reduces to our previous result when |Zl| = |Zz|
2D,D, D, [
Jl = — VCI +
D, + D, Dy +D,] |z]
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Proof:

lel + Z2J2 = i

FVy FVy
Jl = _Dl VCl + 1€ RT J2 = —D2 VCz + 61%) RT
: 2 2 FVy
> 1 = — (Z2D2 ch + ZIDI Vcl) — (Zl chl + ZzDzCz)

We can now try to remove the electrostatic potential in the flux equation

FVl// _ I + (Z2D2VC2 + ZID1V01)
RT (ZIZDICI + Z22D2C2)

. + (zvD,Vc, + 7D Vc
:Jl =—D1<VC1_21C1 (2 2 2 1 1)>

(z¢Dyc; + z3Dycy)
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i + (z,D,Vc, + ;D Vcy)
J1=—D1<VC1—21€1 2lh V Gy ! 1>

(z¢Dyc; + 23D)cy)

(22Dyt, + 72Dc)Ve, — ziei i — zic((zD, Ve, + z,D, W

$]1:—D1< 1/f61 222) 1 1%1 11(22 2 llyl)
(ztDyc; + 23Dycy)

2 .

zzDco Ve, — zieiv 1 — z72oD-ci Ve
$J1=—D1<2 272 Y ™1 1+1 142241 2>

(Z12D1C1 + Z22D2C2)
2161 = — G

= J = D (Z%chzvcl — Zlcli + Z%D261VC1> /
1 — M

(z¢Dyc; + z3Dycy)

DD, (z%¢c, + z3¢
=>J1=_[ 1Dy(zic; + 25¢)) Ve +
(D1Z12C1 + D2Z22C2)

D,z,¢, ] .
l
(D1Z12C1 + D2Z22C2))
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Case of strong non 1:1 electrolyte (for example
CaCly)

D, D~(7%¢, + Z%¢
J, =_[ 122(1 1 222) Ve, +
(Dyzic; + Dyz505)

D, zi¢ ] .
I
(Dyz3e; + Dyzcy)

When i =0 D,D,(z%c; + Z3c,) ]

Jl = — = Jl - — [
(Dizfe; + Dyz3cy)

(Z12C1 + 2226'2) ]
Ve,

zfc, n 236,
D, D,

Total electrolyte flux = J; = J)/|z| = J/|z] ct = 1M, CaCl:

_ ct=1MCa+2 c2=2M CI-
Total electrolyte concentration = ¢; = ¢|/|2,| = ¢/|z]
|z] =2 |z, =1

(lzi |+ 121)

|2 | |2, |

® Slow moving species is likely to dominate transport
® |f fast species has lower charge, it can reduce the domination of slow species.
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Case of strong non 1:1 electrolyte (for example
CaCly)

D, D~(7%¢, + Z%¢
J, =_[ 122(1 1 222) Ve, +
(Dyzic; + Dyz505)

D, zi¢ ] .
I
(Dyz3e; + Dyzcy)

Well-mixed case

[ D, zy¢, ] .
Jl = l
(Dizfer + Dyz3cy)

® Fast moving species is likely to carry current
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—Xercise problem 1

Helium/Argon mixture is diffusing through a 100 nm pore at 1 bar and 25 °C. Report Dmolecular, Dk and
D.is for helium at 1 bar and 10 bar. Calculate Diota at 1 and 10 bar pressures.

Dyear = 0.7 cm?s™! at 1 bar At 1 bar,

Dmolecular — 07 sz/S
b 8kyTd?
K \/ Om . \/8 #1.38 % 10723 %208 * (100 * 10~2)>

= = 0.419 cm?/s
o 9 *3.14 * 0.004/(6.022 * 1023)
Dvis = Pl 100 * 1()—9 2
321, e = ( ) 10° = 0.016 cm?/s
32 %2 %105
e = 2%107° Pas
1/D =1/Dg+1/D,, jpeniar = D = 0.262 cm?/s
Dy, =D+ D, = 0278 cm?/s
At 10 bar,
D, 1oniar = 0.7/10 = 0.07 cm?/s
DK = 0419 sz/S 1/D = 1/l)K + 1/Dmolecular = D =0.06 sz/S
D,. =0.016*10 = 0.16 cm?/s - P - L Diyq =D + D,y = 022 cm?/s
=l 1 27



—xercise Problem 2

Calculate the effective diffusion coefficient for HCI in water at 25 °C, neglecting i

Calculate the transference number for proton and Cl- ion

Table 6.1-1 Diffusion coefficients of ions in water at 25 °C

Cation D Anion D

H' 9.31 OH™ 5.28
Li* 1.03 F 1.47
Na® 1.33 Cl 2.03
K" 1.96 Br 2.08
Rb" 2.07 I 2.05
Cs" 2.06 NO; 1.90
Ag’ 1.65 CH;COO™ 1.09
NH; 1.96 CH;CH,COO™ 0.95
N(C4Hy), 0.52 B(CsHs), 0.53
Ca’* 0.79 SO~ 1.06
Mg " 0.71 CO35~ 0.92
La’* 0.62 Fe(CN),~ 0.98

Note: Values at infinite dilution in 10> cm?/sec. Calculated from data of Robinson and Stokes
(1960).
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Solution

Calculate the effective diffusion coefficient for HCI in water at 25 °C, neglecting i

2 2%107 s
D, = = = 3.33*107> cm“/s

1/D, + 1/D, 1/9.31 + 1/2.03

In absence of current, diffusion is restricted by slower moving ion (CI)

Calculate the transference number

Table 6.1-1 Diffusion coefficients of ions in water at 25 °C

for proton and CI- ion

Cation D Anion D
H* 9.31 OH" 5.28
Lit 1.03 F 1.47
P T 9.31 0.8 Na* 1.33 Cl 2.03
' D +D, 9.31 +2.03 K* 1.96 Br 2.08
Rb 2.07 I 2.05
Cs* 2.06 NO; 1.90
Ag" 1.65 CH;COO™ 1.09
NH} 1.96 CH;CH,COO™ 0.95
t, = D | [ 2.03 ] — 0.18 N(gﬁH9)I 0.52 B(CoHs)y 0.53
D+ D, 9.31+2.03 g/la S, 0.79 5042_ 1.06
g 0.71 CO? 0.92
La’™" 0.62 Fe(CN);~ 0.98

Note: Values at infinite dilution in 10™° cm?/sec. Calculated from data of Robinson and Stokes

(1960).
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The current is mainly carried by H+ (82%)
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—Xercise problem 3

Calculate the diffusion coefficient for 0.001 M LaCls in water at 25 °C in the absence of a current flow.

Table 6.1-1 Diffusion coefficients of ions in water at 25 °C

Cation D Anion D

H" 9.31 OH 5.28
Li" 1.03 F 1.47
Na" 1.33 Cl” 2.03
K" 1.96 Br 2.08
Rb" 2.07 I 2.05
Cs* 2.06 NO; 1.90
Ag 1.65 CH;COO~ 1.09
NH;{ 1.96 CH;CH,COO™ 0.95
N(C4Hy), 0.52 B(C¢Hs), 0.53
Ca*" 0.79 SO2~ 1.06
Mg> " 0.71 CO;~ 0.92
La’" 0.62 Fe(CN),~ 0.98
Note: Values at infinite dilution in 10~> cm?/sec. Calculated from data of Robinson and Stokes
(1960).

Z1| + 1% 1|+ |2

" =_[ (] +12]) ]VCT D, = [ (] +12]) ] 1905 10-5 erm/s
|z | |2, | |21 | |2, |
(50 + 45 (5 +45)
? : 2 : Faster CI- but +3 charge on La*3
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